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Among all inequalities between the structure factors related by a given restriction on the indices,
the fundamental set is defined as a set of independent inequalities from which all others can be
derived. The present paper deals with the problem of finding this set for the structure factors
Ug, Uy, Usg, Usg’, Up—_g» and Upgsg: for a centrosymmetric structure. Starting from a more
restricted problem, viz. to establish relations between some known inequalities, a new inequality
is found:

(Ug+a'+Ug-p—2UgUp)? < (14+Upg—2U%) (1 + U —2URp).

It is shown that various known inequalities containing the same U’s can be derived from this
relation combined with three different versions of Harker & Kasper’s inequality (Ug+Ug/)? <
(1+Ug+p) (12 Ug-g)- '

The general problem is solved by calculating the extreme values of Ugyg’ for arbitrary varia-
tions of a positive charge distribution in the unit cell, provided the other five U’s remain constant.
The above four inequalities are found anew, so these constitute the fundamental set.

A convenient graphical representation is obtained by plotting the extreme values of Ug g as a
function of Ugz—g- for given values of the other U’s. Finally Karle & Hauptman'’s inequality
(Ugtn—UpUg)? < (1-U%)(1—U%) is discussed, and is found to be the analogue of the new

inequality for the asymmetric case.

1. Introduction

Since Harker & Kasper (1948) derived the first in-
equalities between structure factors, many new in-
equalities have been found. The diversity of these
relations leads to the following questions:

Let us consider inequality relations, based on the
positiveness of the electron density, between structure
factors belonging to a given set.

(4) Can all possible relations of this kind be enu-
merated in an explicit way? This question will be
treated in a forthcoming paper, using Karle & Haupt-
man’s (1950) method of generating inequalities (cf.
also § 5).

(B) Are the explicitly known inequalities indepen-
dent of each other? If one of them can be derived from
another, clearly this one can be discarded.

(C) Can a set of independent inequalities be found

from which all others can be derived? This set will
obviously be of considerable importance, so we shall
call it the fundamental set of inequalities for the given
structure factors. This set may, of course, be stated
in algebraically different forms. The limits which it
imposes on U-values are, however, unique (cf. also
§ 4), so the above definition is essentially unambiguous.

Grison (1951) has given an answer to question (B),
and his answer, though erroneous in itself, will lead
us to a new way of tackling this problem. An approach
to (C) has led to the development of a theory which
confirms and strengthens the results which have been
derived in answering (B).

We consider unitary structure factors, Uy, defined
by
Ug =2 n; exp 2ni(ha;+ky;+12;) =2 n; exp 2ni(h, 1,),

€ 2

where n; is the atomic number of the sth atom, divided
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by the sum of the atomic numbers in the cell, so that
2 n; = 1 )
:

and x;, y;, z; are its parameters. We now confine our-
selves to centrosymmetrical structures and to rela-
tions between Uy, Uy, Uy, Usg, Ugyp and Up_p,
because only these structure factors occur in the in-
equalities which have been used andfor discussed by
previous authors:

& =14+3Usp+3Uon+Ugip+Ug_ g

—(Ug+Ug)2>0, (1)
&2 =14+3Usp+4Usn—Unip—Ug_m
—(Ug=Ug)? >0, (2)
E3 = 1+ UE+H'+ UH—E’+ UH+HIUH_HI
—(Ug+Ug)2 >0, (3)
&=1-Ugg—Ung g+UppUn_pm
—(Ug=Ug)r>0, 4
&5 =14+Usg+Uspg+UsgUsp
—(Ugig+Ugg) >0, (5)
gg=1-U,g—Usp+U2aUsp
~(Ugsg—Ug-g)* >0, (6)
&= (1-U%) (1-U%)—(Ugg—UgUg)? >0, (7)
es=(1-U% (1-U%)—(Ug_g—UgUn)* >0. (8)

The first six expressions have been found by Harker
& Kasper (1948), the last two by Karle & Hauptman
(1950). We may add

Gg=1+U,z—2U3 >0,

the first inequality found by Harker & Kasper. We
have omitted the linear inequalities of Okaya &
Nitta (1952), as these are less powerful than (3) and (4)
(Sakurai, 1952).*

2. A new inequality

In establishing the connexion between some in-
equalities, Grison uses the relation

UgiptUp_g—2U0yUg >0,

which is derived by subtracting two inequalities. This
is not permissible; the result, however, might be true,
so the first thing to do is to investigate

* Note added in proof, 22 February 1954.—Our attention
has been drawn to the relation

(1+Ug)*2 = 2:38(3 £ § Un + %5 Uzn)

derived by Gillis (1948). The ensuing lower limit of Usg
lies above the one given by Gz = 0. The latter boundary
value can, however, be realized (namely by taking
cos 2nH.rj = Ug for all j). In this case Gillis’s inequality
is violated. Gillig’s error is caused by the use of only thre.
terms of & series development of [cos® »| in his derivation.
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Gl = UH+H'+ UH—H’_2UHUH'
= X n;[cos 2n(h+h’, r;)+cos 2n(h—h’', r))]

i
—2 3 n,; cos 27(h, r;). X n; cos 2n(h’, 1;) .
i i

This may be written, using Xn; = 1, as
Gy = 2.2 n;n; cos 2 (h, ;) cos 2n(h’, r;)
Y ~2 3 mn; cos 2nu(h, 1) cos 2 (h’, 1))
=2 n;n [cos 2n(hf’ ;‘,) —cos 2z (h, ;)]
Y

x [eos 2n(h’, r;)—cos 2x(h’, r;)] .
The identity between these two expressions may be
proved by commuting ¢ and j in the first expression
for @,. Now from the second expression it is seen at
once that G; may be positive or negative, so the alleged
inequality used by Grison is not valid. This second
expression, however, invites us to apply the inequality
of Cauchy. If we put

a, = V(n;n;).[cos 2n(h, r;)—cos 2n(h, ;)] ,
b, = V(n;n;).[cos 2n(h’, r;)—cos 2n(h’, r;)]

then, from
(Zayby)? < Zaﬁ,.Zb?,,
we have
(Upgyp+Ug-g—2U0gUg)?
< (1+ U25—2U§,).(1+U2H,—2U23,) . (9

We shall prove later that this inequality is rather
powerful; at present we only draw attention to the
right side, which contains two non-negative factors.
We denote them as before by Gy and Gy and further
introduce Gy = Upy+ Upy—2Ug g Un_p -

3. Relations between the inequalities

The expressions G, and G, are obtained by subtracting
inequalities. Accordingly we will try to express our
inequalities in Gy, Gy, G; and G,. Then it is easily
verified that

& = 3Gy +3Gg+G, >0, (la)
g = 3Gg+3Gp—G, >0, (2ay
&3 = 3Gy +34Gp—1G,+G, >0, (3a)
& = 4Gy +3Gn—134G,—G, >0, (4a)
& = 3Gy +3Gy—Ug, pG1—3G, >0, (7a)
gy = 30y +3Gg—Uy_pG1—3G, >0,  (8a}
g9 = GgGp—G1 > 0; (9a)
or

|Gy} < $Gu+1Gw (1,26}

1Gy] < $Gy+3Gu—13G2, (3,4b)
UgpnG < 3Gp+3iGp—1G,, (7,80}

|G| < V(GuGrw) - (9b)

As 2|/(ab)| < |a|+]b|, it is seen at once that (9b)
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implies (1, 2). From (3) and (4), (7) and (8) may be
derived:
’UHiH'l < 1 )

Ugyin Gl < $Ga+3Ga—1G, .
Then a fortior: (7, 8b) is true.
We have omitted (5) and (6). We find, however,
& = (GaGp—G)+2(Ug)Gg—Ug )/Gg)?
+4Ug Ug {/(GgGa)—Gy}
= (GuGp—@)+2(Ug)Gg+Ug)Gyg)?

Hence inequality (5) follows from (9); for if the sign
of UgUp is positive, the relation is proved with the
help of the first expression of &5, in the other case with
the second one.

The inequality (6) has a somewhat lonely position
between the others {cf. §§ 4 and 5). We may mention
here that (7) and (8) may also be derived from (6)
and (9):

If

4= V(I—Uzﬂ)~l/(1—Uza')
+V(1+U,z~2U%). Y1+ U,z —2U%),
then, from the inequality of Cauchy,
4 <2/{(1-U%) (1-U%)}
and, from (6) and (9),

A>|Ugg—Un gl +|Unip+Up_g—2UgUpg/|
- >2|Ugp—UgUg|.
By eliminating 4 the inequalities of Karle & Haupt-

man are found again.
Our results are schematically represented by

9) (6) ) (4)

N—— ——

80

by writing .
ete.

v
(1), (2), ) —— (7), (8) <——l

No relations exist between (9), (6), (3) and (4).
This is easily seen for the last two. As G, is the same
as (¢, for a different choice of H and H’, its sign may be
positive or negative; therefore no relation exists
between (1), (2) and (3), (4), and it does not seem
probable that (3) and (4) could be derived from (9)
or (6). This does not concern us here, as the next
sections will show the exact relation between these
four.

4. The extremum approach

Inequalities have, so far, been obtained by showing
that certain combinations of U-values cannot occur.
Conversely, one may try to determine which combina-
tions can occur. This amounts to an investigation of the
extreme values which one structure factor (say Ug,z)

A FUNDAMENTAL SET OF STRUCTURE-FACTOR INEQUALITIES

can assume when a distribution of positive charges in
the unit cell is varied in such a way that certain others
(in our case Uy, Uy, Usg, Uz and Ug_g) remain
constant,. If we express the maximum value thus
found, Ug, 5, as a function of the other U’s, then
for every structure the inequality

Upig < Ugig(Ug, Ug, ...)

obtains, and similarly for the minimum value.

Since these inequalities determine all possible com-
binations of the six U’s, any other inequality con-
taining the same U’s must be derivable from the
previous ones; so they form the fundamental set
defined in § 1.

We will show that the extremum values can be
realized, so the fundamental set defines all possible
values of Ug,p. An advantage of this method is
that it gives the results in a logical order: if we drop
a restriction, the ensuing inequality (though a fun-
damental one for the reduced set of U’s) can never
be more stringent than the general one.

The solution of the variation problem for Ug, g
is as follows: Lagrange’s method for calculating
conditional extremes is applied to a charge distribu-
tion of a given number of atoms. We ascribe to the
tth atom the charge fraction n; and the coordinates
r;. Introducing z; = cos 2zh.r; and y; = cos 2xh’.r;,
we wish to derive the extreme values of

Upig=2'n [xiyi_ V{(l —3’?) (1 “?lf)}]
with the conditions

Ug_g = Znfzyi+y{(1—23) 1-9D]}],
UH = Zn,-x,-, UHI = Zn,-yi N
VHE %(1+U25) = Znix?, VH' = Zniy?, 1= Znt' .

The condition 7n; > 0 need not be introduced at
once, because it can at most rule out certain solutions
of the variation problem without changing the re-
maining ones. Both the »;s and the summations
apply to the asymmetric unit only, since the centro-
symmetric character is already expressed in the for-
mulas. Adding the six expressions to Ug, g, mul-
tiplied by the Lagrange coefficients g, %, 4, 3u, 37, 7,
we restate the problem by deriving the extreme values
of

@ = Znf(1+e)ryi+(e—1)V{(1—=25) (1-%3)}

+urt Ayt duai T vy

Putting the derivatives of ¢ with regard to z;, y; and
n; equal to zero, we get three sets of equations. We
shall denote [/{(1—y?)/(1—2?)} by ¢;; then the sets are

(4)
(B)

(I1+0)yi+(1—g)zit;+pzi+2 =0,

(1+o)zi+(1—0)yfti+vy;+A =0,

(1+e)zyi+(e— 1)V {(1—af) (1 —yi)}+Jua?
+3vyitxzi+Ayi+Tr =0, (O)

From these equations and the six conditional equations
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the extreme values can be calculated. The character of
the extreme values can be ascertained with the help of
the total differential of @ for the extreme value. Using
(4), (B) and (C), we find

A2 = 3 X0 {(Ax;2[(1—)t/(1—2F) +p]
+(Ay:P[(1— ) t:(1—y3)+v]+2(4;) (Ay;)
x [(1+)—(1—@)z:y:/y{(1 —=23) (1~y)}} -

If the extremum is a maximum, this differential must
be negative for all values of (4z;) and (4y;) allowed
by the conditions.

We choose from all equations (4), (B), (C) those
pertaining to two arbitrary atoms, say 1 and 2. Elimi-
nating »x, A, 4, » and 7 from these six equations, we

(D)

find
(1—0) (th—to) [1 =22 — (L —y172) [tite] = 0. ()

This equation can be satisfied by

l-¢ =0, (Ey)
or by

t,—t, =0, (E,)
or by

11—z, —(1—y1ys)[tits = 0. ()

Now it is readily seen that if for atoms 1 and 2 we
assume ¢, = t,, the same relation (E,;) must obtain
for the other atoms; for 2y, ¥;, z,, ¥, may be elimi-
nated from (4), (B) and (¥,), and from this a relation
between the Lagrange coefficients can be found. The
equation (&;) would give another relation, and (¥,) is
the relation p = 1. If two relations existed between
the Lagrange coefficients, it would not be possible to
calculate the coefficients from the arbitrarily given
structure factors. Our problem has three separate
solutions, which we have to consider separately. We
shall from now assume that the number of atoms is
at least three.

(E,)—The equations (4) and (B) must be valid for
all atoms, so they must be identical. This gives two
connections between the Lagrange coefficients. We find
the solution by multiplying the equations (4) by
n;, n;x; and n;y;, and summing. These equations can
be expressed with the given structure factors; we find:

The extreme value Ug, g is given by

Gi=(Upin+Unna—~20gUx)? = (1+Upg—2U%)

X (1+U231—2U%l) = GHGH' . .

The atomic parameters obey the relation

(—Ug)[VGy = £(y—Uxn)|/ G
Yy = 4//11 = :F2VGH/VGH’ .

Now (D) may be calculated and takes the form
A% = —Zn[Az;)(—p)— Ayl (-} -

To the upper sign in the equation for the atomic
parameters corresponds G, = +}/(GzGy), then A%p
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is never positive; this value is a maximum. To the
lower sign corresponds a minimum. So

_V(GHGH’) < Gl < V(GHGH’) .

This is the inequality (9). We must remark that this
result holds only if all n; have the same sign, in our
cage positive or zero. If some n’s were negative, the
extreme value would be neither a maximum, nor a
minimum.

(£,)—This relation leads to
yA-gA)ly(1-a*) = C.

By the same device as used in the first case, we find

C = +yY(1-Uyp)|Y(1=Usg),

and from the same equation we find the extreme values

Ug_pg— ﬁH+H’ = +){(1-Uzn)(1— Usr)} s

the positive sign belonging to the positive sign of C.
If we now express ¥ by = and insert this expression
in the equations (4) and (B), we get two quadratic
equations for z, and, as there are more than two atomic
parameters, these equations must be identically satis-
fied. This gives the values g = —1, y = —2C, v =
—2/C and enables us to write down the total differen-
tial (D). The result is that Uy, g is a minimum, if
the positive sign of C obtains and if all »’s are non-
negative. To the negative sign of C belongs the
maximum. From this the inequality (6) is found.
(E;)—This case is treated in the same way as (&,).

The equation can be written

(1—z2,)2  (1—2%)(1—23)

A-yw)*  (1-y)(1-33)"
By subtracting the denominators and the numerators
and equalling the new fraction to the first, we find
that either (1—zy)/(y—=z) or (1+zy)/(y+x) must be

a constant.
The first expression may be written

(—ay)/(y—=) = M +1/H).

Solving for M and summing the result over all
values of z;,y; after having multiplied with n,;, the
extremum is found to be

(1-Ugig)(1-Ug-g) = (Ug—Un)?,

N M=(1-Ug_ug)/(Up—Up).

As (A) and (B) must be identically satisfied, it is
possible to evaluate the coefficients:

and o = M3,

u=v=0,

Then it can be shown from equation (D) that Ug, »
is a maximum (non-negative n;).

In the same way the second expression gives a
minimum, defined by

1+ Ugem) A1+ Ug_g) = (Ug+Ug)?.
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So far we have obtained as possible extreme values
of Uy, p three expressions for the maximum and
three for the minimum, which, taken together, are
exactly identical with the inequalities (9), (6), (4) and
(3). A further examination of these extreme values
will be given in § 5. The fact that no additional ex-
pressions are obtained is, however, sufficient to prove
that this set is the fundamental one.

It does not seem likely that the ‘extremum’ method
would lead to a simple generalization for arbitrary sets
of structure factors. Presumably certain sets are to be
preferred because they lead to essentially new in-
equalities; the set which we have chosen in a heuristic
way seems to be one of these.

We have succeeded in establishing a relation be-
tween the above results and those of Karle & Haupt-
man’s method (1950) by choosing the indices in their
determinant |Fg, | as follows:

H =0; Hy=H; Hy~ —-H; H =H'; H - —H',

and applying an orthogonal transformation. The
striking correspondence between the two results sug-
gests that a systematic derivation of fundamental sets
will eventually be possible by introducing this notion
in Karle & Hauptman’s method of generating in-
equalities.

5. A graphical representation

The mutual relations between the extreme values of
Ug,p may be understood from an inspection of the
(Ugyg, Ug_g) plane. Sakurai (1952) has shown that
the relation (3) may be represented by a hyperbola
in this plane. The admissible points are situated above
this hyperbola. In the same way (4) may be represented
by another hyperbola, and (6) and (9) by two pairs
of parallel lines, corresponding to the maximum and
minimum values. We have added the relations (7)
and (8), defining a square, and also (1) and (2). If we
choose a value of Ug_g. in this plane, then the inter-
sections with the curves belonging to the fundamental
set denote the six possible extreme values. Now we
will prove that only the lowest maximum and the
highest minimum satisfy the condition n; > 0. For, if
a higher maximum could be attained, then by shifting
the atomic parameters and keeping the #’s constant,
we must exceed the value belonging to the lowest
maximum. But this value will now not be a maximum,

S0 the atomic parameters cannot lie on the correspond-
ing curve. This is impossible, because we can show
that not only are the inequalities obtained from the
curves derived in § 4, but conversely the extreme
values can only be obtained under the conditions of
this curve, provided that the »’s are non-negative.
We will prove this for the inequality (9); the other
inequalities may be treated in the same way.
From § 2 it is seen that, putting -

a, = V(ni”;)-(x;—-'vi)> bp = V("i”i)«(?/f—yi) s

A FUNDAMENTAL SET OF STRUCTURE-FACTOR INEQUALITIES

the relation Gf = GyG5. may be written
Zaz Xty —(Zayb,)? = 0.
This is a determinant and may be written

apaq * _
< b,b, 0.

21

Now if some #’s are positive, some negative, some

squares of these determinants may be negative. But if

all density fractions have the same sign (without loss

of generality we may put a positive sign) all the deter-
minants will be real, their squares cannot be negative,

and so, from the relation mentioned above, they must

be zero. This condition can be written

ayfb, = C,
or
zi—z; = O(y;—y:) .

If we multiply this relation by n;, then by summing
the equation is reduced to

x]"— UH = C(y]— UH’) .
Multiplying by n,#; and summing leads to
O = Gy[Gy = +/Gp|/Gy ,

the same relations as obtained in § 4.

The higher maxima could only be realized by mixed
signs of n, and then they would not be real maxima
at all, as may be seen from § 4. So, only the heavy
lines in the diagram represent real extremes. They
can be reached by putting the atomic parameters on
the corresponding curves in the z, y plane. The net
result is, therefore, that each point of the space

+1
()
@~
\\
(6) N
N2
S ®
© \ N
©) \
S AN +1
AN N \ 16 @
N
N 3
@

Fig. 1. Extreme values of Ug, g’ as a function of Ug_g- for
Ug = 070, Ug' = 0-20, Usy = 0-29, Uz = 0-32, accord-
ing to various inequalities. The fundamental set (3), 4),
(6) and (9) delimits the area of all possible combinations
of Ugin and Ug_pg* (shaded region).
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between the heavy lines corresponds to a possible
combination of Uz, p and Ug_g..

The square, defined by (7) and (8), the inequalities
of Karle & Hauptman, and the set of lines defined by
(1) and (2) include the allowed region entirely. The
corners of the square coincide with the intersections
of the hyperbolas. This is to be seen immediately from
(7a) and (8a), (3a) and (4a). For these points G; = 0.
So these inequalities do not belong to the fundamental
set. The inequality of Karle & Hauptman, however,
is important for asymmetric structures, as will be
shown in the next section.

6. Asymmetric structures
If we consider

g, = Upiw—UrUnm,
we find that it may be written
g, = 32 nyn; [exp 2ni(h, r;)—exp 2ni(h, ;)]
%7
x [exp 27i(h’, r;)—exp 2mi(h’, 1;)] .

If we apply the inequality of Cauchy in the same way
as we did in the proof of (9), we find

Upn—UnUgl* < A-|Ual)1-|Ugl?) ,

the relation of Karle & Hauptman. If we write

(10)
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91 =1-|Ugl? g, = 1-|Ug|?
then (10) may be written
1941 < V(9192) - (10a)

The same relation obtains for g_, which is g, after
replacing H' by —H'.

The relation (10) plays the same part here as does
the new inequality (9) for centrosymmetrical struc-
tures. We mention without proof, that the inequalities
of Harker & Kasper, valid for asymmetric structures,
namely

[Ug+Up|* <2(1+Re Ug_g),

can be derived from (10). Hence the latter implies all
known inequalities for asymmetric structures. Com-
bined with its transcription for U_g, it constitutes
the fundamental set for Ug, Uy, Uy, g and Ug_y.
For centrosymmetric structures, however, applica-
tion of these inequalities leads to the rather poor results
(7, 8) in comparison with (3) and (4), which form the
fundamental set in this special case (cf. Fig. 1).
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‘Mean Strains’ in Worked Aluminium

By P. Gay anp A. KELLY*
Crystallographic Laboratory, Cavendish Laboratory, Cambridge, England

(Received 20 August 1953 and in revised form 26 November 1953)

Experiments have been carried out to investigate the cause of the relative radial displacements of
adjacent diffraction spots on some X-ray microbeam back-reflexion photographs of rolled poly-
crystalline aluminium. Among other causes, it is possible that the displacements are due
to the existence, within the material, of particles in which the lattice spacing is different. from the
average value. From the present experiments it is concluded that a few reflexions from such particles
have been found. The stresses required to produce strains of the observed magnitude are of the

order of the yield stress of the material.

1. Introduction

It is possible to resolve the continuous Debye—-Scherrer
rings on normal X-ray back-reflexion photographs of
deformed polycrystalline aluminium into discrete re-
flexions by the use of the X-ray microbeam technique
(Kellar, Hirsch & Thorp, 1950). A feature of the micro-

* Now at the Department of Mining and Metallurgical
Engineering, University of Illinois, Urbana, Ill., U.8. A.

beam photographs is that not all the reflexions of given
indices lie on a ring of definite radius: adjacent re-
flexions are often displaced radially from one another,
and variations in the magnitude of the displacements
from point to point give an appearance of waviness
around the ring. The effect is very often most marked
on photographs of lightly deformed specimens taken
with relatively large beam diameters (~ 100 ux) (see
Hirsch & Kellar, 1952). When smaller X-ray beam



